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FORWARD INSTABILITY OF TRIDIAGONAL QR*
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Abstract. The QR algorithm is the standard method for finding all the eigenvalues of a sym-
metric tridiagonal matrix. It produces a sequence of similar tridiagonals. It iz well known that the
QR transformation from T to 7" is backward stable. That means that the computed T is exactly
orthogonally similar to a metrix close to T'. It is also known that sometimes the computed T is not
close to the exact T. This is caused by the occasional extreme semsitivity of T 1o changes in T or
the shift, and will be referred to as forward instability of the (computed} QR algorithm.

For the purpose of computing eigenvalues the property of backward stability is all that is required.
However, the QR transformation has other uses and then forward stability is needed.

This paper gives examples, analyzes the forward instability, and shows that it occurs only when
the shift causes “premature deflation.” It is shown that forward stability is governed by the size of
the last entry in normalized eigenvectors of leading principal submatrices, and the extreme values of
the derivative of each entry in T as a function of the shift are found.
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1. Summary. The QR transformation is a complicated similarity transforma-
tion that depends on a parameter ¢, called the shift, and that preserves the tridi-
agonal form of real symmetric matrices. A QR algorithm consists of a strategy for
the choice of ¢ and the associated sequence of QR transformations. Wilkinson's shift
strategy (see Example 2.4) produces a sequence of shifts that always converges to an
eigenvalue. This algorithm is implemented in several routines in the EISPACK and
LAPACK libraries. See (1], [4], (5], and [8].

Each QR transform of an n x n real symmetric tridiagonal matrix T" may be
compitted by a sequence of n — 1 similarity transformations using plane rotations. In
[8], Wilkinson showed that any algorithm employing a limited sequence of orthogo-
nal similarity transformations is backward stable in finite precision arithmetic. This
means that the output matrix is exactly orthogonally similar to a perturbation of the
initial matrix that is tiny in norm.

For the purpose of computing eigenvalues, backward stability is completely sat-
isfactory. However, the QR transform has other uses as well. It occurs in inverse
eigenvalue problems (see [2]) and as a deflation procedure in contexts such as the
Lanczos algorithm. In these applications forward stability is needed. That means
that the computed output should be close, in norm, to the output in exact arith-
metic.

Unfortunately, the computed QR transformation sometimes exhihits violent for-
ward instability. In this paper we show examples of this phenomenon and analyze it
for real symmetric tridiagonal matrices. Definition of the QR transformation 7 of the
pair T, ¢ is given at the beginning of §2.1 and the sequence of plane rotations is shown
in (2.18). In the rest of this section we summarize our findings for the knowledgeable
reader. We follow Householder conventions in notation with a few exceptions.
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1. Forward instability can appear in exact arithmetic. It is merely the extreme
sensitivity of some entries of the transform 7" to small changes in T and /or . Roundoff
error is not needed to provoke this phenomenon. As a thought experiment we can
consider an unreduced tridiagonal T with an eigenvalue A that is irrational. If o is
a very accurate rational approximation to A, then it is possible for the exact QR
transforms of T with respect to A and with respect to o, to differ, in certain entries,
in all figures. For this reason we need only look at the sensitivity of T as a function
of & and ignore implementation details such as whether implicit or explicit shifting is
used.

2. The QR transformation is defined for all square matrices. Its instability, when
it occurs, is inherited from the sensitivity of the @ factor of a matrix (B = QR) and
this sensitivity can be bounded by traditional perturbation theory. This was done in
[7] and further extension and refinement of that work is in progress.

However, for real symmetric unreduced tridiagonal matrices T', the situation is
simpler and we have been able to replace perturbation bounds by exact derivatives of
the transform 7" with respect to the shift o.

To explain our results we need the last entries in certain eigenvectors. Let T}
denote the leading & x k submatrix of T. Let A&k),i =1,...,k denote the spectrum
of Ty, and let wj, or w; i (when the comma is needed) denote the magnitude of the

last entry of the normalized eigenvector for Agk). We chose the last letter of the Greek
alphabet to remind us that these are the last entries.

Qur main result is that forward instability occurs if and only if ¢ is very close to
a )\E;k) with a tiny w;;. More precisely, there are entries of T whose derivatives with
respect to ¢ are O{1/w;,) when o is close to )\Ek). This is the only way large values
can occur in the derivatives. The details are in Theorem 4.3. We recall that the
derivatives are not proportional to ||T||. The effect of varying sizes in the off-diagonal
entries 3; of T is hidden in the values of the {w;}.

One simple result (sec proof of Theorem 4.3(1)) is that, for the last off-diagonal
entry ,(;’n of ff“,

d . )
5,8“((7””:)\&"} = (-—1)1 tam?m
where B, is the last rotation angle in the QR. factorization of T — o and
|cos @] = win.

Figure 1 shows that ,@,’l is only interesting for & very close to an eigenvalue.

3. Forward instability, if it occurs, is always preceded by what we call premature
deflation of . As mentioned in the second paragraph, 7 may be computed by a
sequence of plane rotations. Let T = 7, T = @,70-1@Q¢, ; = oyny T =T,
The intermediate matrices T*) that occur in the transformation of T(l) into T(® {see
(2.18)) depart from tridiagonal form only in positions (k—1,k+1) and (k+1,k—1).
If the entries (k, k— 1) and (k, k + 1) of T*) are sufficiently small and the (k, k) entry
equals ¢ to working accuracy, then row and column k could be deleted from T with
little change to the remaining eigenvalues. We say that & has been deflated from T at
minor step k instead of at the cxpeocted place T = 7. Most implementations do not
look for this phenomenon and so do not see it. In such cases the computed version
of T' below the kth row bears little rescmblance to the output in exact arithmetic,
In particular, deflation at minor step n will not occur despite the fact that ¢ is an
eigenvalue to working precision. This is discussed in §5 and shown in Example 2.1,
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Fig. 1. ,ég(r.r) and n5(0) on [0.8,3.1] with T = W,", defined in Erample 2.3.

4. A standard QR algorithm is somewhat protected from suffering from forward
instability because of the preceding steps {transforms) in the algorithm. By the step
at which o is an eigenvalue, the last off-diagonal 3, is small and the eigenvector for
o usually has a large value for w;,. This protection is not complete and Example 2.4
shows instability that occurs when Wilkinson's shift is used. However, our analysis
shows that a shift strategy that picks an eigenvalue far from e, 18 bound to incur
forward instability when 3, is small. We are inclined to say that such a strategy has
picked the “wrong” eigenvalue.

5 If Beps = 0, k+1 < n, and if o = A then the kth column of @ is not
uniquely defined. Hence forward instability is inevitable close to this situation. This
is when washout of the shifts occurs in the implicit implementation of QR (see [7]).
This occurrence of local forward instability does not perturb the rest of the matrix
when the explicit shift is used. We do not pursue this aspect further in this paper.
From our point of view, when ¢ = ,\5."‘) and 1 = 0, then the deflation that occurs
at step k, though premature for T, is not premature for Tj.

6. Ultimate shifts. In [4] it was suggested that an efficient strategy for computing
the spectral factorization of T would usc two phases. First find the eigenvalues by
any means. The QR algorithm without accumulation of the plane rotations is a
leading candidate for the job. Second, run the QR algorithm with aceumulation
of the rotations, but using the eigenvalues as shifts. In this way the number of
transformations to be accumulated is minimized. Our analysis in this paper shows
that this strategy is likely to encounter forward instability and this might detract from
the accuracy of the computed eigenvectors. However, if the monitoring algorithm
described in §5 is used to terminate a QR transform at premature deflation, then this
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danger may be greatly reduced. More investigation is needed,

7. Deflation in the Lanczos algorithm. A good way to compute a few eigenpairs
for a large sparse symmetric matrix is to use the Lanczos algorithm; see, for example,
[1] and [4]. The algorithm gradually builds up a tridiagonal matrix adding a row and
a columnn at each step. After k steps some of the eigenvalues of the k< k tridiagonal Ty
“settle down” and change very little as the algorithm proceeds. It would be convenient
to deflate a converged eigenvalue from Tj. However, our analysis shows that this must
be done at exactly the right step. After that, forward instability wili occur. In such
an application the monitoring scheme presented in §5 must be used. Indeed it was
the failure to deflate eigenvalues of full accuracy that ted us to this study of forward
instahility.

To a reader inclined to complain that we treat only instability due to a variation
in the shift &, we say two things. First, there is little loss in generality since the wiy
are continuous functions of the entries of an unreduced T'. A perturbed T', whatever
the cause of the perturbation, will have a new set of /\gk) and ;. Great sensitivity

in transforming the new T will occur if ¢ is close to any of the new /\ﬁk) with new
w;r, that are tiny. Second, we mention that this approach encompasses nonsymmetric
Hessenberg matrices and arbitrary perturbations. Essentially, the condition for for-
ward instability is the same. A tiny value of w; signals that the first & columns of
T— )\EHI are almost linearly dependent. Note that if the first & columns of a matrix
form a linearly dependent set, then the QR factorization process loses uniqueness at
step & unless & = n.

Here is the plan of the paper. Scction 2 presents notation and basic results on QR
and §2.3 gives a set of examples of forward instability. Section 3 says more about the
QR intermediate quantity my {shown in (2.1) and defined in {2.13)) than the reader
will want to know. It is worth mentioning that all entries in 7 can be expressed in
terms of the m; and the entries in T. Not only do we give bounds on the value of 7
and its derivatives, but we give a simple model for it, and related functions, near each
)\Ek). The results are used in §4 and so §3 could be skipped by readers who have a
little faith. Section 4 presents 1", the derivative with respect to o of the QR transform
T. Upper bounds are given first (Theorem 4.1) and show that huge values are only
possible when ¢ is close to an eigenvalue of some principal submatrix 7. Theorem
4.2 shows that the derivatives at the special points /\gm cau only be huge if ¢ is close
to the spectrum of two successive principal submatrices. However, these results only
give necessary conditions for instability. To show that small wyy, are also sufficient we
could see no other way than to prove Theorem 4.3. Again there is more detail than
the reader may care for but the theorem is needed to establish the constants behind
the O's and so to establish that values like 1/w; are attained. The functions ,@}c can
exhibit quite violent behavior close to some ,\gk). For some of cur examples the models
arc valid on intervals of width 107!* and certain spectral points differ by 10728, A
gimple version of Theorem 4.3 is given in the preamble just before the detailed proof.
All the results come from applying the linear model for 7, established in §3. Section
b shows how wy, occurs in a lower bound on the premature deflation indicator. If
neither i1 nor wyy is small then premature deflation cannot occur at that step.

Finally, we mention the figures whose contemplation, at the right moment, should
help greatly in explaining the model and its application in Theorem 4.3. We chose a
tame sitnation for Figs. 2 and 3 to illustrate typical situations and yet to avoid drastic
rescaling of the y-axis.
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2. QR basics and examples.

2.1. Relationships. For any real tridiagonal matrix T and any scalar o {called
the shift), the associated QR transformation T' — T is defined as follows:

T — ol =QR, T = RQ+ ol = Q'TQ.
Let
B2 B3 B
T = T, := tridiag | o g e an |, Bi>0 (i=2,...,n)},
Bz B3 Ba

and let ¢ be the shift. T is said to be unreduced when 3; # 0, i = 2,3,...,n.
Without loss of generality we may then assume that 3; > 0, i = 2,3,...,n The QR
factorization of T'— ¢ may be represented by means of a sequence of plane rotations
B4,k = 2,...,n. Here B}, diffors from the identity only in rows and columns & — 1
and k where it has entries
Cr Bk
(%8)

and ¢ = cosfy, 8y = sinfy. We let the dimension of 8 be given by its context;
sometimes & x k, sometimes 1 X n. The angle 8, is chosen to annihilate the entry in
the (k,k — 1) position of the matrix 1,0 _2) - ©2(T — o) and to lie in {0, 7).
The result of this stage is written as

[ &1 €1 8233 7

(2.1) Oy (T —0l)= £e—1 Ce—1 Skfe1
e Crfeg
Broy1 Opy1 — o0 ¢

The first (k — 1) rows are in “final form™ as entries of R, while the transitory but
important row k will be overwritten at the next rotation. The last row of R is

(0,0,...,0,71,) = mpel,,

where e; denotes the kth column of the identity matrix and »* is the transpose of v.
The ¢} factor is upper Hessenberg as well as orthogonal and is specified by the
{r — 1) rotation angles f,...,8,. The detailed structure of Q) is:

¢z (—sz)eg (—s2)(—sg)es - - (—=s2)---(—5n)
S3 €€y co{—s3}Cy .
—0f...0f = 33 €304
Q - 82 en 54 . - .
“€n—1¢n  Cn—1{—8n)
Sq Cr
The sequence {eg, e3,...,cn} effectively defines ( and the elements are often called

its Schur parameters; see [2].
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We allow the (n, n) entry of R, namely w,, to have the same sign as det[T" —
o], and detf{()] equals one in our presentation. This is a trivial departure from the
convention that the diagonal of B be nonnegative.

The last cotlumn of the k x k matrix 6% - - - O} plays an important role and is given
a name;

(=s2) -+ (=sz)

ca(—53) -~ (—sx)
(2:2) Y =

Ck—l(—sk)
Ch

Note that v, = Qe, = g,. For k < n we lot y,(cn) denote a vector of the form

Yk n
() e e

The following relations are used frequently in the rest of the paper.
LEMMA 2.1. With the notation developed above,

(2.3) Ty,(cn) — y,&n)o = mper + cuBri1€iyl, k< mn,

(2.4) Ty — o) = w2 + 2By, k<n,

09 () () <m0 T e b
(2.6) (T — aDy'™ = m.e,.

Proof. Equate the kth row on cach side of (2.1) and transpose to get

(T —ol)BL. - Ole, = Ty}cn} — y,{:")o = 7pep + cpBrr1€rat.

Since (2.1} holds for k < n, (2.3) is true for & < n. Equations {2.4) and (2.5) arc the
direct results of (2.3). Equation (2.6) is a special case of (2.3) since 5,11 = 0 when
k=mn. QU

Equally important is the relation between T}, € BR¥** and yy.

LEMMA 2.2, With the notation developed above,

(2.7) Tiye — oo = mrex, 1<k<n,
(2.8) viThux — 0 =mpee, 1<k <n.

Proof. Equate the first & rows of (2.3) to get (2.7) for & < n. Equation
(2.6} covers the case for (2.7) when k& = n. Equation (2.8) is the direct result of
(2.2). O
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In (2.1) the relations between £, ¢y, 5k, and 7y are ¢; = 1, m = @1 — o, and for
k=2,...,n,

(2.9) £po1= \}?Tﬁ_l + B2,

(2.10) ek = Ti—1/Ek—1,

(2.11) 5y = Br/Ek—1,

(2.12) Ck—1 = (Ck, 5%) (gici&;) = Ck_1CkBk + sx(ax — o),
(2.13) g = (—8k, Ck) (Jz’;ci_;) = —§kCk—10k + Ck(a‘k - O').

Finally, for T = R} + o, we have
(2.14) Br = Exsi,

(2.15) & = CETr — Ch1Mh+1 + Xly1-

The last result comes from the invariance of the trace in ©,, - - - 0,76} --- &} (see
(2.17) below)

(216) CpTE 4 gy — T = &k - Cr 1 k41
When k = n,
Bn = TnSn, Gy, = Cp T + 0.

For future reference we show the active part of the matrix G - 02T - .- 6}
and the bulge in positions (k+ 1,k —1) and (k— 1,k + 1).

Br-1
Br—1 61 TSk SkBr1
{217) LSk CuTk + & Culrt1
k041 CeBrrr  ory1 Briz

Bre+2
In a study of the QR transform it is useful to exploit two different interpretations
of T'= 0y - 0,76} .- 6% First interpretation:
T - R=8, .-0.T
- T=ROL,...0.
Second interpretation:
T — T =8,T6%

(2.18) — TG = 9,720
— T = (-),,,T(“-”e;.

Only T and T®) = T are tridiagonal matrices; the intermediate T} contain the
bulge.



Downloaded 11/22/14 to 142.103.160.110. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal /ojsa.php

FORWARD INSTABILITY 287

2.2. Deflation. The assumption that T is unreduced guarantees, in exact arith-
metic, that the spectra of T and its submatrix Ty _; interlace strictly:

AR AETD A A AT ) AT )

It will be shown in §3 that, as a function of &, m;—; vanishes at and only at the
/\,(;k*l),i =1,...,k — 1, while 7}, vanishes at and only at the /\,(;k),i =1,...,k. Since

bk = /7 + By 2 Braa, k < m,

it is apparent that the only entry of R that can ever vanish is £, = m,. Consequently,
3}1 = Mnsn

vanishes at and only at o = )\E“),i =1,...,nr Tostudy ,@n for & in the neighborhood
of Agn), we consider its derivatives

13

I t
B, = T 8n + Tns,,

arr L ’ ! "
B, = Tpén + 2m,8, + Tas,.

Clearly, it is necessary to study the properties of 7 () to understand ,3; and ,@;,
and this is done in §3.

2.3. Examples of forward instability. We computed the “exact” QR trans-
form by using a very expensive method that works only for singular T" as follows. The
Schur parameters {¢;} are reconstructed from the vector y, of (2.2), which happens to
be an eigenvector of T. These eigenvectors can be computed to high relative accuracy
when the eigenvalue is simple, as in our examples.

Ezample 2.1.

6683.3333 14899.672
14899.672 33336.632 34.640087
34.640987 20.028014 11.832164
11.832164 20.001858 10.141851
10.141851 20.002287 7.5502806
7.5592896 20.002859

(219) T =

Eigenvalues Ay = 0, Ag = 10, Az = 20, Ay = 30, A5 = 40, Ag = 40000.
(1) Successful deflation with shift ¢ =0 = A;.

39999.925 54.726511
54.726511 33.404823 8.3017268
8.3017268 24.730751 8.8065994
8.8065994 21.646903 7.2175779
7.2175779 20.292461 -1.113d-14
~1.113d-14 9.5204-13

Y
I

The computed version of 7' was indistinguishable from the exact to eight decimals,
except that the nonzero entries in the last row are (—7.943d-12, —2.344d~15).
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(ii) Failed deflation with shift o = Ag = 40000.
First, we present the true T' rounded to eight decimals and then the computed
version T(1) using double precision on VAX 780.

( 10.989995 14.142133

14.142133 20.003002 11.832160
7 11.832160 20.001858 10.141851
10.141851 20.002287 7.5592896 ’
7.5592896 20.002859 -~1.6084-13
(2.20) \ —1.6084-13 40000.000
' ( 19.989995 14.142133
14.142133 20.003002 11.832160
P = 11.832160 20.001858 10.141851
10.141851 20.002287 7.5593584

7.5593584 20.730517 —170.561
\ —170.561 39999.272

Insight is gained by looking at the intermediate matrices in the QR sweep. T%
below shows the premature deflation mentioned in comment 3 in §1 and in (2.18).
Then
71 = matrix shown in (2.19).

19.989995 0.011185926 14.142128
0.011185926 39999.975 -—31.622748
14.142128 -—31.622748 20.028014 11.832164
11.832164 20.001858 10.141851 ’
10.141851 20.002287 7.5592896
7.5592896 20.002859

T2} —

19.989995  14.142133
14.142133 20.003001 -~-2.76734d—6 11.832160
—2.76734d-6  40000.000 9.35882d-3
11.832160  9.35882d-3 20.001858 10.141851 ’
10.141851 20.002287 7.5592896
7.5592896 20.002859

T —

14.142133 20.003001 11.832160
11.832160 20.001858 —8.18031d—6 10.141851
—8.18031d—6 40000.000 —2.372004-6
10.141851 —2.372004—6 20.002287 7.5592896
7.5592896 20.002359

74 —

19.989995 14.142133

14.142133 20.003001 11.832160
11.832160 20.001858 10.141851

10.141851 20.002287 0.032249815 7.5592896
0.032249815 40000.000 —6.09724d-6
7.6592896 —6.09724d—6 20.002859

( 15.989995 14.142133

1
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19.089995 14.142133
14.142133 20.003002 11.832160
o 11.832160 20.001858 ;
™ = 10.141851 ;3}]3;2;% 7.5593584
: 90.730517 —170.56153

7-5593584 _ 17056153 39999.272

(iii) A second QR sweep. Finally, we show 7%, the QR transform of Tt in
(2.20), using the same shift. This shows that, although T2 deflates nicely it is not
very close to 7. Thus repeated application of the transform will not recover T if
forward instability occurred.

19.979990 14.142125
14.142125 20.006003 11.832161
11.832161 20.003716 10.141851
10.141851 20.004574 7.5592897
7.5592897 20.005717 8.4254-15
8.425d-15 40000.000

P2

Ezample 2.2 (surprising successful deflation). This example uses a shift that is
an exact eigenvalue not only of T" but of the odd principal submatrices. Neverthcloss,
the computed QR transform is perfectly stable:

-2 1
1 -2 1
T = 1 -2 1
1 -21
1 -2

Eigenvalues M = —2 — v/3, da = =3, A3 = —2, Aq = —1, A5 = —2 + +/3. With shift

o= -2,

—2.0000000 1.4142136
1.4142136 —2.0000000 0.70710678
T = 0.70710678 —2.0000000 1.2247449
1.2247449 —2.0000000 0.0000000
0.0000000 ~2.0000000

Ezample 2.3 (W3; scc [9]).

1 1-.-1 1
T = Wy, := tridiag ( m 9 --- -9 —10).
1 1-.-1 1

Throughout this paper, matrices similar to W5, but of different sizes are used
to best illustrate the properties of the underlying quantities. For simplicity, thesc
matrices arc denoted by W, wheren =2k — 1, oy = k—difori = 1,2,...,n, and
Gi=ltfori=2,...,n.

This is the generic example of forward instability. Wy, was constructed by Wilkin-
son for other purposes; see [9]. It has almost uniformly distributed eigenvalues. Rather
than exhibit matrices of this size, we plot in Fig. 4 the exact and the computed Schur
parameters of the ¢) matrix

Q = 636;---8};,
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F1a. 4. Schur parameters defining Q in QR transform on Wy, {Example 2.3).

obtained when the largest eigenvalue is the shift. The data in the graph is scaled from
x to log,, |z| to show the divergence.
Ezample 2.4 (forward instability with Wilkinson’s shift).

1 1--1 1
T=tricliag( 5 0 --- 0 15).
I 1---1 1

Wilkinson’s shift is the eigenvalue of

dn_1 .Bn
Bn o
that is closer to av,.

This is another generic example of forward instability. The matrix has a double
eigenvalue (A = 15.066666667) in double precision. Now we run the QR algorithm on
T in single precision with Wilkinson’s shift strategy. At the first step Wilkinson's shift
is 15.0664. After the first QR sweep, the last off-diagonal element is —1.96302d — 05.
At the gecond step Wilkinson’s shift is 15.0667. Premature deflation is observed at the
seventh rotation since (see (2.17}) wr#s7 = —3.98401d—04 and ¢85 = 4.43937d —03.
Te demonstrate forward instability, we repeat the sccond sweep with the same shift
in double precision. The resulting &;’s and f}k 's from the second sweep in double
precision and in single precision are displayed in Figs. 5 and 6, respectively. Again
the data in the graphs is scaled from z to log,, [2] to show the divergence.

3. Properties of 1. The purpose of this section is to establish properties of 7,
that are needed in §4, and consequently §3 may be skipped without loss of continuity.
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¥1G. 5. Resulting &y 's from QR sweeps in double precision and in single precision ( Ezample 2.4},

B.0060

7.000

6. (0D

5.000

4.000

3.000

2.000

1.000

0.000

A
o tha computed in double precision
= &  the compubted in single precision
a
I~ &
B n o a ] a B -] a 0
1 | L 1 1 1 1 ! 1 k
2.000 4,000 6,000 B, 000 10.000 12.000 14.000

Fic. 6. Resulting Bk ‘s from QR sweeps in double precision and in single precision (Eraemple 2.4).
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3.1, Derivatives of m,. We discuss the smoothness of mz(c), for o € R.

LEMMA 3.1. If T is unreduced (i.e., 5; >0, i =2,...,n), then 7% is a rational
function with k real double zeros and 2{k — 1) simple poles that do not lie on the real
aris. Thus wg, ¢, and si are real analytic on R.. Moreover,

(3.1) (o) =0 ifandonlyifc=r", 1<i<kl<k<n
The vector yy, of (2.2) is an eigenvector of Ty, when o = /\Ek), and

(3.2) (A = (—1) lwy, i=1,2,...,k k=12,...,n

Proof. Take the leading & x k submatrix on each side of (2.1} to find
Q- 02(T —oly) =Ry
and
(3.3) det(Ty — oly) = & - - Ex— 17k

By (2.8), & > B+ for all o and ¢ < n, and (3.1) foilows directly from (3.3) and the
assumption that T is unreduced.

Next consider the submatrix on each side of (2.1} in the first k rows and the first
k — 1 colunns:

Ty —olpa -ﬁk—l
00 - :
oM =[]

Since Gy, - - - B4 is orthogonal,
(Tho1 — 0Te-1)? + ex_r€h_ B2 = Ry Ry,
and, on taking determinants,
(3.4) det[(Ti-1 — odi-1)? +en1ef 1 53] = (61~ k1)
Divide (3.3)2 by (3.4) to find
72 = det®[T}, — oli]/det[(Thm1 — oTx—1)? + Blex_1el_,].

Note that with & # 0 the denominator can never vanish for real ¢ and consider-
ation of the diagonal shows that it is a polynomial of degrec 2(k — 1). The numerator
is the square of a polynomial of degree k¥ and thus 72 is a rational function in o, as
claimed.

Note that by (2.9), (2.10), and (2.11), £&Z_,, ¢, and s} are rational since 7} is
rational and none have poles on the real axis.

Use (2.7} and (3.1) to find that yy is an eigenvector of Ty when o = )\gk). Then
by definition of g, in {2.2), find that wi; = |ck()\§k))]. Use {2.10) to sce that ¢ has
the same sign as m,_; does and signjex(A¥)] = signfmi_, (A = (~1)"~2, since
from (3.3), mp—y > 0 for o < Agk_l). That proves (3.2). o

Applying Lemma 3.1, a fundamental relation between 7y, ¢ and their derivatives
with respect to o is obtained. Let f (o) = df{(c)/do.
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LEMMA 3.2, Forall real o and 1 < k < n,
(3.5) ':rkc;c - ckﬂ'; =1.
Proof. Differentiate (2.7):

—tp + (Th, — 0Ty, = mpel™.
Multiply by (yx)' and recall the definition of y in {2.2):

—(yr) e + () (Th — oI )yg = cary

293

Equation {3.5) follows since (yx)iyx = 1 by (2.2) and (y,)5(Tx — ol) = ﬂ'k(eg“))‘ by

(2.7). 0
COROLLARY 1 OF LEMMA 3.2, For2 < k < n,
(3.6) mo®y =L __ CU ycick

a(®) v
Proof. Since mp(A™) = 0 by (3.1), relation (3.5) at A* becomes
(W) (M) = 1.

The result follows from (3.2). 0
COROLLARY 2 OF LEMMA 3.2,

(3.7) mA™ =0,  1<i<k

Proof. Differentiate (3.5): mgpc, — cxmy, = 0. Set 0 = )\gk), then 7 = 0 by (3.1)

and Cp = :I:wt-k # 0 by (32) a
We now turn to the behaviour of ¢ for all other values of o.
LEMMA 3.3. For T unreduced and k < n,

(3.8) My <0 fora # )\Ek).
Proof. Premultiply both sides of (2.7) by (T}, — oIi) *n; ! to find

(3.9) z—k = (T} — aIk)_leg“) for o #£ .\gk)‘
k

A consequence of the spectral factorization is
k w

(3.10) (€N (T — oLe) el =3 _——i-)m for o # A0,
. -

Since yiyr = 1 by (2.2), (3.9) yields

1 N _a (&
(3.11) 7= (BL )) (Th — oI) 26X,
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Combine {3.10) and {3.11) to find

k 2

1 Wik ()
(3.12) a2 a-E:l ()\gk) ~ g) foro # X7,
Differentiate both sides of (3.12):

k 2
1. Wik (k)

3.13 — A= Yy ————— foro FA; .
- AL 0P oy

Differentiate the right-hand side of (3.13):

k 2

Wik
3y o
2 0P
Differentiate the left-hand side of (3.13):
1 « 3 '
3T ;r-;:‘(”k)z-

Therefore, for o # /\Ek) with > denoting Z:.c:l,

L 3 w;'zk 3. .2
—_——T = 5 ik ——..-(ﬂ- )
m r Z OB _gu k
2 9 5
_ ik Wiy N
= 32 (Agc) . J)zz (Agk) )t 3 (772 ﬂ'k) by (3.12)

? 2 w2 2
~3 [Z (,\g:';"i g) > m - (Z M) ] by (3.13)

>0 by the Cauchy—Schwarz inequality.

Moreover, equality holds if and only if the following two vectors,

t
2 = Wik e k
AP B, )

t
2y = Wik W ke
O -0 O )

are proportional. That is,

Agk)——cr-——n--——)\gck)—a.

This is impossible, since T is unreduced. Therefore,

——1§1r:(ar) >0 fore# Agk).
Tk

Recall from (3.1) that m (o) £ 0 for & 5# A,(;k). Therefore,

—Tr,-;fr: >0 foro# )\E-k).
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COROLLARY OF LEMMA 3.3.
(3.14) T #£0 foro# AWM,
Lemma 3.3 shows that the algebraic function () is like the characteristic poly-
nomial of T}, in that it vanishes at the eigenvalues of T),. Moreover, it is alternatingly
concave upward and downward in the intervals bounded by the eigenvalues of Ty.

That shows that 7, attains its extreme values at the /\gk),i =1,...,k
LeMMA 3.4. It holds that

(3.15) UETE")( 3ﬂk) o2 Z (k) (k))

where 2' indicates that the term j =i is omitted as 7 =1,..., k.
Proof. Rearrange —7, /m3 and use (3.12) to get, with 3" denoting Ef’zl,

2
]‘Trk .4 w?,k w?,k w’?sk
3m [Z (AF) — )2 2 (F )t 2 (AP o)

w2 w2 W, \?
[2 a7 & G (Z) (AE’“;—UP) ]

(Satr)

To analyze (3.16) in a neighbourhood of AEH, it is convenient to abbreviate the terms.
Let

where w = wy; and § = A‘EH — ¢. Then {3.16) becomes

(ma2 + %) (ma + %) — (ma + %) my + %)
d .

(m2 + %) (ma + %)

Multiply the numerator and denominator by a term 6% and simplify the terms to get

1 '.rr; _ maw? + O(6)

3me WA+ 00

Then the result follows as § — 0. a
COROLLARY OF LEMMA 3.4. If T is unreduced, then

2
(3.17) e (O®) = (-1 e
wik (AT = A7)?

where Y indicates that the term j = i is omitted as j = 1,..., k.
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Proof. Apply L'Hospital’s rule:
m (k) v _ p w2
()\(k] ) im [ TE) = ( 23)2 - ik .
(M) oAl \ Tk Wik N =R
Using (3.6), the result is obtained. 0

The sam in {3.17} plays a role in the local analysis of m; near each zere /\Ek),
i=1,... k.

3.2. The linear model. Near Aﬁk), the function 7 (o) can be approximated by

. —1)
(318 1 o) = S (o - a0,
Wik

We need to know the interval on which this approximation is accurate to within, say,
10 percent.

In this analysis we need the special quantity that appeared in (3.15}.

DEFINITION.

’ (
w() == 1/\/2 WZ O A2 1<k,

where Z' indicates omission of the term j =i asj=1,...,k.

The quantity rng(i) is almost a mean of the singular values of Ty — A&k)fk. Note

that
Zwk_l Ek?

and so my(2) 72/ (1 ~w3 ) is a weighted average of the {()x(k) AN =21, Recall that
for positive numbers 7;, any (weighted) harmonic mean is majorized by the (weighted)
arithmetic mean and both lic between the minimum and maximum values, i.e., if
Sow; =1, w; 20, then

-1
min 7; < {Z w?;‘rt-'"l] < Zwin < max 7;.

With r; = ()\g-k) - /\gk)]2, this gives

£2 ey (R {khy—2y —
mm()\(k) )\gk))zﬁ(zwjk(/\ ) )

J#e w?k
(&)Y _ (-‘9) 2
C DR AT < max(A® — \By2
- T2 =g o
ik
However,
13
SYAOE X = Y OP < A0 = (1~ 01
i=1
Thus

min {AE, = 3,28 <A} < (- wymi iy
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and

e (T = X9D2ex _ (on — 2?2 + 82
1—wj, 1-wh .

1A

(3.19) (1 — wiyme(9)®

Now we can compare 7, with the linear function p:;:).

LEMMA 3.5. Aso — Agk),

e oy 1 f_l‘(:k) ’ + O((a — /\(k))S)
Wik (£) 7T A '

X 2

Proof. Use (3.6), (3.7), and (3.17) to find that the Taylor series of my around ,\,E“)
is

’ 1 rer
mh(7) = 0+ )0 = A 404 £l AP0 = AT + -

DR gy, L(=DR13e = A e

= (e~ X"+ 5 B +O({c = X))
O

- _fo- A IO o

Remark 1. It is not valid to use the linear model for 7 if the quadratic term
in (3.20) exceeds 1. Thus, in the generic case when there is no happy cancellation
between the quadratic and higher terms, it is necessary to require

k .
lo = X8| < Jwmwma (i)

so that
T 5 T4 oo — XPy9).
@~ 8 i
Py

In Fig. 7, the graphs of m; and pE:) are shown as well as the boundary points

/\gk) + %wikmk (%)

in a typical case.
Remark 2. Since

2
o\ —2 _ Wik
me(i) * < (k- 1) max (/\;k) — /\Ek]) '
it follows that
MY ol VE=TIAY — o

. —_ - 1
wigTng (i) wip i (;Ai_kiﬁ;\gi\”)
£ LG #£1

Wik
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1,801

1.440 -

o720

4,350

~0.360

~0.720

~3.080

~1.440

~3.576 -3.381 ~3.14% -2.931 -2.716 -2.501

Fi1G. 7. w11 ond the linear model pﬁ) on {.\gll)—wg,]_'lml 1{3), )\én)—l—w,;,umu (3)} with T = W3
{seec §3.2).

and when the cubic terms are negligible, the constraint
k k
wie AT AP
———— min | ————
3vEk — 1 j#i Wik

is a sufficient condition for using the linear model. Although the minimum will not
be known, the expression shows how a small value of w;;; tonds to neutralize the effect

A o] <

of close /\;k) in restricting the domain of the linear model.

In the analysis of ,@; and d;c near Agk), the following auxiliary function plays a
role:

br = TRTy/EF = Ty /(mE_y + BD).

See Figs. 2 and 3 for the shape of ¢ near ,\Ek}.
LEMMA 3.6. When |0 — A% < Lwgmy (i) and k < n, then

on/f € (1/2,1)

where

(3.21) ) 7 A7
3.21 f7o) = 2 ,
* By + (0 — Agk))Q
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Proof. Abbreviate ¢ — /\gk) by 8, wir by w, mg(i) by m, and use Lemma 3.5 to
find

b _ 12+ O
1= o 06

82 §\? 5

¢k.

Thus, when 8] < Jwm,

0<— +1+O(6“)<—

Equality on the left occurs only when § = 0. O
COROLLARY.

; 1
2
1fk | o 2ﬁk+1wik
with equality if and only if o = Agk) + wie P
Remark. If Brq1 > mi(i), then |¢x| will not attain the bound on |f£‘)| since
log| < | f,g‘)] on the interva.l in Lemma 3.6, and this interval does not contain the
maximizing point of | fk |-

3.3. Pointwise hounds. We now give a pointwise bound on 71';c that reveals the
role of the distance of o from the spectrum of Ty and from the spectrum of Tp_q.
Some preliminary results are restated for easy reference.

(A)  &Gea=y/mi_,+P8%  (see definition in (2.9)),

(B) et = Te—1/€k—1 (sce definition in (2.10)),

() s = ,ﬁk/fk 1 (see definition in (2.11)),

(D) €, = EkT 1 {derivative of (B)),

(E) They, — Cify, = 1 (for any real o (3.5)),

(F)  (Tp — oli)ys = meel?  (for any real o (2.7)).
DEFINITION. fy := pp{0) = minj<i<p |A§k‘) —al,k=1,2,...,n.

Gy i <nl (foro# A
Proof of (Q). (FY(F) yields (y)'(Tk — ¢1)?yr = x7. Then
pi = mi?k(cr - )«gk))'z {(by definition)

= Amin((’-ﬂc - JIk)z)
< (yp)' Ty — 0Ix)%yx since Yy cannot be an eigenvector since o # )\Ek)

:'.rrg. a

The next result shows that |1r;c| can only be huge when pi(o) and pr—1(c) are
both tiny.
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LEMMA 3.7. For any real o,

(3.22) @) =l o =25,

(3.23) pe(o)me) < mal, o #£ 2P,

(3.24) pi1(0)my] < stlmel + \/ud_i (o) + B}

Proof of (3.22), (3.23). Wheno = Agk), then @y = 0 by (3.1), pr = 0 by definition,
and (3.22) bolds. Now suppose that & £ A*. Premultiply (F) by (Ty — o)~ tmg =1

(3.25) gﬁ = (T — oIy el
k

Differentiate (3.25):

(3.26) WTE BT - (T4 — oLi) ey,
k

Differentiate ylyx = 1 to obtain g}y, = 0. Premultiply (3.26) by ¥}, getting

1 - _a (R . .
Ly = () (T~ oT) e since by = 0
k

= (g (T — o L) Tye/me by (3.25).

Thus

—m = (ye)' (T — o) "y
and
(3.27) Il = () (T - o 1) " el el

Since o # Agk}, yr will not be an eigenvector. Therefore,
o) (T — 0T gad < max o'(Ti = o1

= (Th — o Zi) ™|
1 1

minlsigk |/\,Ek) — 0’| N y{—"';
Put this inequality into (3.27) and multiply by p, to obtain (3.23). 0

Proof of {3.24). When o = )\gk_l), then pg_1 = 0, and (3.24) is immediate since
Bk # 0 and sf|mg| # 0 by (3.1).

Now, suppose that o #£ )\,gk”l). Then,

|mpcr + 1) = legmx| by (E)
s
= —E |m_ymi) by (D)
k-1

sp 1ma-al
€1 Mk
‘e

< ~1jmil by (3.23)

by (B).
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Hence,

8% |cxm| +1
k-1

’
|Tper] <

Since o # /\ﬁk_l), cx # 0 by (3.1). Then the above inequality can be rearranged as

Hg—1

|cx|

.
= il - eage

uk_1|ﬂ';¢| < sk|mi| +

by (B)

2 Vﬂ'?c-l + 5
:sk|7rk|+,uk_1 I?Tk 1|

2 Be_y
= sg|mk| + »“iq + 6% 2
k-1
<Si|’?7k|+1.mi_1+ﬁ§ by (G). |

4. Sensitivity of 7. Recall that T = RQ+ol = Q'TQ where T~ ol = QR. In
terms of the intermediate quantities gencrated in the QR transformation, the entries
of T are given in (2.14) and (2.15), namely,

By = &us = Bl€n/bh-1) fork<n and & =a7+ 82,4,
{4.0) G = Qg1 =~ Y1 + W fork<n and = mpek,

Bn = Tn8n, by = Yn + O.

Differentiating with respect to ¢ reveals that

(4.1) By = Eusi + €k = Bulr/En-1) s
(4.2) G =Y — Tey1s

(4.3) 1B = [ sn + s,

(4.4) by = Yo+ 1.

Here is the plan of this section. Qur first goal is to show that these derivatives
cannot be huge unless o is close to an eigenvalue of some T, Next we show that, in
fact, to have “huge” derivatives, o must be close to the spectrum of two successive T 's.
The proofs repeatedly use two results, (2.7} and (3.23), from the previous sections:

(4.5) ok —camy =1 forallo and k=2,...,n,
and

(4.6) ]7?;.1 < |mg|/pe for o € spectrum (T}).
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Here

(4.7) pe = min o - AR = dist(o, spectrum(Ty)).

Finally, we give realistic bounds on all these derivatives.
The first goal is met by the following result.
THEOREM 4.1. With px(o)} defined in (4.7) and k < n,

2
4.8) () 18| < By (C—Zﬂ + “—c’%—) , o & spectrum(T}) U spectrum(T}_1),
% k-1

4.9) (i) ié:;c| <2 (b’-ELI + M) , o & spectrum(Tk1) U spectrum(Ty),
13+ 27 201

C‘Z

(4.10) (i) 18] < Bn (“i- + m z ) , o & spectrum(T,,} Uspectrum(7,,_},
) -1

(4.11) (iv) &, | <2 ([—Eﬂ + 1) , o & spectrum(T, ).

(i) gk - ﬂ-ﬁzc -+ ﬁ%«i—l
&-k—l ?‘r%_l + [‘szg .

Applying the quotient rule and simplifying the result yields

( & ) _ ( 2 ) MEm, | Tho1T g

Ek—1 £k & &4 '
Sk ’ Sk TR e 1 )

\(ika) 1 < (Ek.-l) (EEM * £ _ipka

_ & (ci-g-l_{_ C?}, )
k-1 \ Hr  HE—3

Multiply each side by 8 and use (4.1) to obtain (4.8).
(ii) From (4.2) and (4.0},

Proof.

Use (4.6) to get

f

AJ t ’ ’ ’ F
G = T — Yol = CxTk + CkTg — Cpp1Th+1 = Chp1T gy

Now use (4.5) to conclude &, = 1+ 2epm;, — {1 + 2ck+11rr;c+1), and use (4.6) to find

N CxTF Chi1™
[yl <2 (l :; il + | k’:: k+1|) for o ¢ spectrum(T}) U spectrum(T1).
k k+1

¥

E
Baftn—17, 3 M1
————— T = =Sl
‘s'n—l ‘sn-l

(4.12) (i) 8= (Bufbnr) =
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1Bl = T8 = Tnsacamy_1 /a1l

(_ |enmn—1]

) for o ¢ spectrum(T,) U spectrum(T,, 1),

&n—l.ru'n—
s {1 2
)
Hn  HPn-1
(iv) T, 2“”,6;‘ since ¢, M, = 1 + ¢,
2(mpen +1)
Then
. 2|7n|/ Hn—1
|6, | < (lﬂncn| n 1) for o & spectrum(7T,) U spectrumn{T, -1 ). 0
Hn
It may be verified that the v;,i = 1,..., n are intermediate quantities that appear

on the diagomal when T — o[ is being transformed into T by a sequence of plane
rotations. Hence }y;| < [[T'— oI|| for i = 1,...,n and all &. Thus huge values for the
derivative of T' can come only from tiny values of some .

The next step is to show that the derivatives at the points excluded in the previous
theorem are of modest size unless the excluded points, in each case, are very close to
each other.

In order to simplify notation we shall label eigenvalues of the submatrices T}, so
that the closest eigenvalue of T_; to /\gk) is /\S_l) and of Ty is AS:H). Formally,

*) peaOF) = DETD B 0By = 3D B,

In all cases, ¢_. is either ¢ or ¢ — 1 and 4, is either i or 1 4 1.
THECOREM 4.2. With the notation above, fori=1,2,...,k,

O IBOE = Al g nen < o e
) OO = - Ay < B
(W) a0 = 2ewmy] o =2,
a (AEDY = o (ck?rkh(k“} +1) <2 (1 + Tﬁ%)
) B = sy < 2R A=Y -0,

@) BT = Imsal e < B

(i) &) =0,
(vili)  Ja, (A" =2,

Proof. (i) and (ii) Recall that

’ r
ar Ty  Th—1Tp_y
By = B ( 7 ]

Ek k—1
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and note that one of the two terms vanishes at the evaluation points and the other
may be bounded in the same way asg in the previous theorem.

(iii) Recall that &, = 2{cxm; — e y17m;, +1) and note that one term evaluates ta —1
at the evaluation point since, for example, ck'n';c - C;c‘ﬂ‘k == -1 and m, vanishes at /\gk).
Also, €41 =0 at )\gk’).

(iv) Recall that é, = 2+2ckm; —2¢;,  Tk+1, and note that 741 vanishes at Agfﬂ)
and that the other may be bounded in the same way as in the previous theorem.

{v) and {vi) The second term m, s, vanishes at both evaluation points. To bound
r; at /\in) we invoke the inequality in (3.24) from the previous section. To bound =,
at ,\,ﬁ"_“” we use the proof of Theorem 4.1 as before.

(vii) and (viii) &), = 2mncy, = 2(1 + mye,) and M (A) = 0, ca Ay = 0. O

Preamble to Theorem 4.3. Theorem 4.1 shows that it is necessary for ¢ to be close
to some Agk), t=1,2,...,k in order for Be and é to have large derivatives. Theorem

4.2 shows that ,\E’” must be very close to )\,(:'l_cql) in order for the derivatives to be
large at these points. It remains to show that this last condition is also sufficient for
extreme sensitivity of 7' to changes in 0. Indecd |3, for £ < n, may be modest at

both )\Ek) and )\y_"*l) even when they are extremely close, and it is only at other values
of ¢ in the neighborhood of )\gk) that the large values cccur. Theorem 4.3 establishes
this fact.

What permits this analysis is that in an interval of width mg{i)w;; centercd on
)\Ek) (see the linear model discussion in §3 for the definition of mx(4)), both &, and
,é;c may be approximated closely by much simpler functions of ¢ whose maxima can
be estimated. Recall that w;y, is the magnitude of the last entry in /\gk)’s normalized
cigenvector., One difficulty in the analysis is to pin down Agf_l) , the closest cigenvalue

of T, which must lie within the interval that we just associated with )\Ek). Theorem
4.4, quoted at the end of this section, shows that

AE —AE D = o),

except in special cirenmstances when it is only O{w;i), the width of our interval.
We digress to explain the situation. Lemma 2.1 shows that

] k . . .
HT?);(:‘) - y;(an))‘i )|| = ’?Tﬁ + ﬁﬁHCﬁ. = Brt1Wik,

since mx(A¥)) = 0 and ick()\gk))l = wik. Standard results on symmetric matrices {see
{4]} let us conclude that there is an eigenvalue A of T satisfying |\ — )\Ek)| < Bpp1wi.
Moreover, the same can be said for some eigenvalue A for each T; with j > k. When
wir << 1, we say that A,Ek') has “stabilized” as an approximate eigenvalue of 7. In

many cases, there will only be one eigenvalue of Ty close to Aﬁk) and, in that case,
their separation is O{w? ). Theorem 4.4 gives

(k) _ 3 () .1
Al e 0 G- 2 O =AY, i=1k
| l — i T | < Wik (Aiﬁk)'"-\gk))(A‘Ek}mAgk))

[Ack)—/\{k_l)[ I 1 < 3 < k.
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Here i, is the second closest eigenvalue and ¢_ + 4, = 2¢ — 1. Thus, in all cases when
i1,k

B AED] < /PR A ED R\
< wir((AF = AP ZAFNY2 = O(wy,).

In the special cases when |,\§k)

— Agf_1)| is comparable to A, cur simple model for
7y, is gtill applicable, but the maxima of the derivatives of &, and Bk are not so large,
in general, and are complicated to express. In fact, the large derivatives will occur
for a smaller value of k when the first stabilization occurs. That is why we make the
assumption A = O{w}) in Theorem 4.3. A simple version of Theorem 4.3 is given

next. The distribution of max and min was a surprise to us.

Near g = /\,(-k):
. 4 1
(1) max |?8n| = k= i
o l'.l.
) 2 k
(ii) nax 0k| = (mm wgk,wa_,k 1)) =
iii max |&, | = k=mn,
( ) s 1 “| (maac wgk,w@. = 1))
, 1
(tv) maxagl =0 | — e
p | win { max Wik, we_ k-1 ), max(Wik, Wi, k+1)f /

The function of Theorem 4.3 is to provide the constants hidden by the O. An
interesting byproduct of the proof of Theorem 4.3 is that only for |3,| does the

maximum occur in the tiny interval [\, A{" "], We remind the reader that from
the preamble to the proof of Lemma 3.5

i) =1 / \/z 2O 22
e

THEOREM 4.3. Nearo =A%, for2<k<nand 1 <i <k, if

A= -2 <1000 - AP = o),

then the enitries in &%T achicve the values indicated below.

0 maxld= [H%(L)Q‘g(i'))zwm

lin )ani_,n—l winmn(z

and occurs near (A\™ + A7) /2.

(it) The function ,@;, k < n, is the difference of two similarly shaped functions;
see Fig. 2. Under mild conditions, stated in the proof, the magnitude of the first term’s
model, on the appropriaie interval, exceeds

1
2&),;;6 '
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Under mild conditions, stated in the proof, the mognitude of the second term’s model,
on the appropriate interval, exceeds

( Br+1 ) 1
V28i /) 2w g1

When one of these terms dominates, then the larger one gives an accurale estimale
of max |3,| near )\,(:k}, under the stated conditions. In all other cases, the maximum
value of the model is a more complicated expression and hos a smaller value,

(iit) The function |&, | attains its mazimum, on the intervals associated with /\Eﬂ)
and )\?_Fl), at the ends of these intervals. There the model achieves

2 mali) |

1 mn i wm < mnn- i wt- n—1i

Wi_ n—1 4/402 + m2 (i) f mn (i) 1(i-Jwi -1
2 Mp—1(i-)

otherwise.

Win JABE +mi i (i-)

{iv) The function fx;c, k < n is the difference of two similarly shaped functions.

On the appropriate interval about Agk), i=1,...,k, the first term’s model, in magni-
tude, achieves

2 mk(z) . . .
if mp(i)wp < Mp—1 (- wi_ k-1,
o T P <o
2 my—1(i_)

otherwise,

Wik JABE +mi_{i_)

On the appropriote interval about )\Ek) the second term’s model, in magnitude, exceeds

) ,
o zmHl(z;) == if meg (i Jwiy k1 < mpli)wi,
ik \/4/8.&-1-1 + My, (i)
2 mg(¢)

otherwise.
Sivirt 15+ )

Whenever one of these four expressions dominates the others, then it gives an accurate
estimate of max |&;c| in the neighbourhood of Agk). Otherwise, the marimum is given
by a¢ more complicated expression and it is smaller.
Proof of {i). From §2.2 and also from (4.3),
:‘é‘u = Sﬂﬂ:a + ﬂﬂs;u

~ iy

B, = Sn?T: + .SL'.T; + s;’mn.
From Lemmas 3.1 and 3.2 and their corollaries,

Wfa(’\gﬂ)) == ‘”: (’\gn)): "'T:rn()‘gn)) =+1l/wipm, cq ()‘gﬂ)) = iy,
and so,

Sn

~2 1.

'
= 18n77,n| = f14)

(4.13) 18,(\™)

(1)
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Using {4.12) gives
{1}
" &

so the maximum does not oceur at )«(."). For o # )\g") use {4.12) again to find

(4.14) 1B, (W) = 2fs,7, | = 28,

£ 0,

18] = 180Ty, — TnsnCalmy_1 /€11 = 18n (T — Tndn_1)l;

where ¢,,_; was defined in (3.18) and then modelled near A"~ by £%-)
Although max |¢n_1] & 1/(28nwin—1) can be huge, we shall show that || takes
its local maximum near (/\,(:") + /\?_‘_1)) /2. We now analyze the model of the two

factors in f,,.
It is convenient to abhreviate temporarily by

A= )\E?hl) - ,\gn), §:=0— )..g"'), P = Pawi_ n1.
Recall that #,,_1 is modelled by

+(o - A"

(.} _
P 1( ) - Wi_ o1
and hence s, == 3,/ —1 + 32 is modelled by
ﬁnwi_,n—]. _ 1

O

on the interval of width wg n-1Mp-1(¢_) centered at AE’_"‘U. The other factor, 7, —

Tn®n_1, i8 modelled by p — pn) i ¢ ‘) where

o _ ()8 ) (6-8)
Ve M E A

from {3.18) and (3.21), on the appropriate intervals centered at /\E-n) and )\gf_l) . Thus

il .S

Pt
" Win Pl + (A - 5)?

~ P50 =

The important points are that the quantity [*] cxceeds 1 only when (A —48) > 0,
i.e., when o € [/\En) ; ,\ﬁ"“”] and the maximum may be evaluated exactly by calculus.
The details are omitted but the result is

2
@ @i 11 A
max o N A ) 1+4/1+ o

and
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The hypothesis on A gives

A 100(A - A2,

P -

= O(win)u

and indicates that |§| = |A — 8] = A/2, very close to the center of both intervals.
Using this value in the model for s,, yields a maximum value for the model for 5:11

1 1+ 1+(PA—)2_ S PR 2+
2win }1+i(A)2 " Win 8 ]
£o—

However, reference to (3.18) and (3.21) shows that our model for |, — 7 ¢n_1| carries
the correction factor

1— g(ﬁn(z)y + O(8*).

Using |8| = A/2 here and combining the estimates gives

o 1/ AN 3 Ay 4
max I,@nl = :J‘_,,; |:1 + 5 (p'—_‘) — g(w——mmn(i)) +O(A )] . O

Proof of (ii). For all ¢ and 2 < k < n,

3

B = Bie(bu — bie—1) = P z
k—1

(Pk — br—1),
where

& = "'Tlrzc + PBE+] (Sce (2'9))7

!
ATy,

o FO g = AH
£ P Wk + (o — A2

o 1=

(sce (3.21)).

The interval associated with féi) is
A® @i /2, A+ my (6w /2]
To analyze the model for ﬁ; it is convenient to abbreviatc as follows:
di=0— )\gk), A= /\Ek) -~ ,\E’j*”, Pr = Breg1Wik,  Pr—1 = Brwi_ k-1

fi;c is modelled by a difference of twe functions:

810 - 1)
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We consider ,Bkﬁkf;gi)/fkﬂ first. By calculus we find that if 8.1 < mg()/2,

then |f ('”)| attains its global maximum value 1/2p, at § = %p; within the associated
interval. At these points,

1/2
£k . Pr/wh + Bl
£ {or — A)Q/w?_ k1T ?61%

_ B 2 172 |
B {1+(Pk/l’k—l)2] [+ Olean)}-

Next consider ﬁk&féi__f/gk_p By calculus we find that if 8, < mg..1{é_}/2, then

| f,.Eﬂ_‘l) | attains its global maximum value 1/2p;_1, within its associated interval, at
& — A =+tp,_1. At these points,

1/2
& {1 2DV + By
&1 PR /Wl o+ BE

_ B [1 + {pr—1/px)*
B 2

1/2
] 14 Ofwir)] -

If, however, 841 > me{i)/2, then the maximum of | f )| on its associated iuterval is

approximately my(2)/(28k41) of its global maximum 1/(2p;) and similarly for | f; (i )|
when 8¢ > my_1(¢_)/2. We will not consider these two cases further because they
vield more complicated expressions and smaller maxima.

Returning to the situation when |f; t)] and | f(' )| attain their global maxima
within their appropriate intervals, as shown in Fig. 2, we distinguish two cases.

(a) pr = Brriwik < pr—1 = Brwi_ k—1. The first expression shows that

£ Brti
— > —=(1 + Ofwir})-
§i—1lp, DOk ( (wi))
Thus the first term’s model 3 _ff) satisfies
() ¢+ (k) By 1 1
1B (N £ o)) > Br (1 +O(wir)) = 5— (14 Ofwix))-
Br 2 P
(b) pr—1 < pi- The second expression shows that
€k Brt1
— > (1+ Olwir)).
5?:—1 16— Ai=pr. 1 V@}@k
Thus the second term’s model g f:i_‘l) satisfies
Bt P — A pun)| > BB (1 Ofua)
V20, 2p -
_ B
14+ Ofw;
= 735 2%_ T i (wik)).

When one of the two terms derived in cases (a) and (b) dominates the other (by at least
a factor of 2) then the larger term gives an accurate enough estimate of the maximum
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magnitude of the model and of ;. By the assumption A := /\Eful) - ,\Ek) = Ow32,),
f,gi} and f. - (i ) have the same sign at their global maxima and so cause cancellation
in the expression for B;c When any of our conditions fail, either Jry1 > me{d)/2
or A > my_1(i-)/2, or when p;_1 = pg, then the f functions have smaller values

and/or there is a significant cancellation between them. In such cases |3;| need not
be

Ol — ! near /\Ek). 0
min {U-’ika Wi_,i:-l}

Remark. Figures 2 and 3 illustrate the preceding analysis. The matrix is Wi,
k=8,i=05 Then k- 1=7Tand i =4 by its definition in (*) preceding Theorem
4.2. Note that wig = 0.032, w;_ x—1 = 0.1186, p; = Giqiwin/Frewi_ g—1 = 0.27, my (i) =
3.337, my-.1(i_) = 2,31, JA] = 0.0037. Since Bxy1 = G = 1, the chosen evaluation
points are within the domain of the model. The first graph shows ¢ and ¢y, and
the second shows 5, and the model

/2
Bys + 8/, ' (@) (1 )
(4-15) ﬁk ('81'% ((;— A)g/wa Je— 1) (f )

Proof of (iii). From the proof of Theorem 4.1 we know that &,, = 2(7r;cn +1) =
Im,c,. Thus é., (A"~ D)=2 since c,, vanishes on the spectrum of T,,_,, and o, (A{™)=0

since 7, vanishes on the spectrum of T},. However, |d' | can attain large values when

o 15 close to these points but not between them. The model p( D for Ty, is valid when
o — ’\Eﬂ)l < My ($)win /2 and the model

P VB i)

for ¢, is valid for |6] := |o — )xz(-'_l_l)i < My_1{i_Ywi_ n—1/2. On the intersection of

these intervals the model for &, is

fom i 162 wi_ - +62 1/2
2(p£:)p5, P/\/ﬁnﬂp( ”)3+1) 2[‘*’ o 1/( L

Wi_n—1

( 1)%+1
= 1.
i [Wsn(ﬁn Y S

The function §/{72 + 62)'/2? is a monotone-increasing function for all §, and so
the model takes its maximum magnitude at the boundary of the associated interval,
namely,

M — 14— ‘ '
I:W' (4'62 + ’.._;LE )(t ))1/2 * 1:! if mn“l(%“)ws a1 < mn( )wsn}
in - 2 (i
(i) _
? [Wi_,n_1(4‘8§ +m2(i))1/2 + 1] otherwise.

We evaluate at the left end if 4 +i_ is odd. The evaluation point

1 —
o= i’imn(i)wan b /\(n V= ﬂ:Qmﬂ( )wﬂl - A(n) + [A(R) )."ET_I' 1)]
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is just outside the standard interval in some cases but the excess is O(wZ,) and permits
a cleaner expression for the model. O

Praof of {iv). From (4.0) and (4.2),

f L

A!
O =Tk — Tet1
f f 4 L
= My + Mk — (Mh41Cpy + Fpp1Chrl)
L ¥
B { 2y, — 2716,y

r L b 4.15
2my e — 2y 1 Gkl y (4.5)

—2 (”’é”"*‘ - W’““m‘"‘) by (2.10).
k=1 £k

Near )v.&-k'), &, is modelled by

o i ity (G
29 Py 2p,] e

B2+ (-2 (82, + (pi)nvz

Here is the difference of two terms of the type analyzed in the proof of (iii). Each term
is monotonic on the appropriate interval. The first term is valid on the intersection
of the intervals

center Agk), radius 75 := Fmg{i)wir,

center )\Efpl), radius 1 1= Emp_1(i)wi_ k-1,
and the second term is valid on the intervals

center Ai(-k), radius 7y, 1= Fmg(i)wir,

k1 . i .
center /\§+ ), radius 7x41 1= 541 (4 )iy kst

From the analysis of é,,, the magnitude of the first term achieves

2 my(2) oo
Wi_ k1 (4,6,% + m%(g))lm k k—1-
2 me-1(i-)

if o1 < Tk

wix (40F +m_, (i)'

Similarly, the second term achieves

2 My 1(i4) :
—_ - if a1 < T,
Wik (4ﬁ§+1 + mlze+1 (i4))1/2 * ’
2 mp (i
k() if 7% < Tig1.

Wiy k+1 (46%4.1 + mi (é))]-/z

Before we leave this section, we give Theorem 4.4, whose proof appears in [3].
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THEOREM 4.4. Suppose that T is unreduced. Then

. /\gk—l) _ /\gk) _,
Agk) — Agk) ] = b
®) =D (k-1 (k)
<) T M £ 1k
AT =N N A
k k-1
AP i -
k k 1 - H
EICEC)
and
; Ag};—n _ )\gk') o
Agﬁk) _ A(lk) » 1
ARk (k1) (R
wh > { S A TR sk,

)\Ek) — A&k.) ' A.Eck) — A&k] ’
Aik) . ,\(k—l)

k1 :
=k_
P P ?
A A

.

Proof. See [3]. 0

5. Premature deflation and the monitoring algorithm. The reader is re-
ferred to (2.17) for a picture of the active submatrix of the intermediate matrix 7%}
that occurs in the transformation of T = T o T' = 7%},

Ohbserve that if s, and Gpy 1, are replaced by zero to give T*) then T*) must
exhibit an eigenvalue in the (k, k) position, and if row and column k are deleted, then
the new (n — 1) x {n — 1) matrix is tridiagonal.

When s, and Agy1¢, are small enough and the (k, k) entry equals the shift &
then we say that premature deflation occurred at step & in the implicit shift version
of the QR transform.

The next result implics that a negligible value of some w37, (compared to 1) is a
necessary condition for premature deflation.

LEMMA 5.1. On the inferval {/\gk), /\y_c_l)]

32 2 ﬁ? 2 > 9 ﬁ§+lwu'2k ID(M 3 2 1 s
kTE + P10k = B+ Bl i Wik +
i k= 195k

(a2)]):

where
R i=1,
o § CRLIGER
# i
AP -, i— ks

k k k—1
AP = B k),
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Proof. Since Agk) = O(w?) the linear models for 7 and m4-; are valid. Write
§=0— )\E-k),w = Wik, W = wi_ x—1, and observe that
262

~ 2
i By (6—A)?
il

wh

G AP
_ OBE6% + Wi (A - 6)? (1 Lo (A)Q)
2

2.2, 22 3 _
8575 + Beya1Ck =

,@,2:{_02‘:)2
2528322, | A2 LeofA
@B+ B\ O\ B

(the minimum for 6 € [0, A])

_ Brst 2 (A)z
_2(®2ﬁ§+w2ﬁ§+1)A 1+0(55) |-

By Theorem 4.4, Agk) > \I'gk)wfk, the result follows. Note that the term w$, has been
rearranged in the lemma’s statement. ]
Note that at o = /\ék),

2_2 2 2 2
53mh + Bi16h = Beiwin

since 7y = 0, and outside [AE"), ,\g’f_l)] the sum rises rapidly to O(spreads ).

COROLLARY. Premature deflation occurs if and only if o is very close to Agk)
and w? is negligible. By neglecting the entries sgm, and Oyi1c, and deleting the
kth row and column the changes made in the eigenvalues are bounded by (sini +
B2, 12/ min(1o*—)\§f)1 ,]a—)«gﬂ |} and the error angles in the eigenvertors are bounded
by (272 + B2, ,2)V2/ min(lo — A, | lo — A%, ).

Thus premature deflation at step k accompanies great sensitivity of ,@k, Bk_l'_]_, and
dig41 to small changes in ¢. In many, but not all, cases a tiny value of wy; will be
associated with a tiny value of w;, sy1.

The pattern is as follows. If wy is tiny then y,(:"), T\’s eigenvector for ,\fik) with
zero entries appended, will be an excellent approximate eigenvector for all extensions
to Ty. The only way that subsequent values w;, can increase is by the presence of two
or more eigenvalues of T, close to )\Ek). In such a case, y,(cn) is a linear combination of

the cigenvectors belonging to all )\gn) close to /\gk) but not close to any of others. In

fact, yin) is usually close to a bisector of a pair of eigenvectors, and their last entries

will be nearly equal and not necessarily small.
Here is an illustration of this phenomenon.
Erample 5.1.

1 1---1 1
thridiag(lS g --- 0 13),
1 1.1 1
a§=0,(i=2,...,24), a1:a25:13, ,Bgzl,(i:2,...,25).

This matrix has two close eigenvalues. The instability occurs midway through the QR
transform with shift at one of these two eigenvalues. Rather than exhibit matrices of
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logel yout 414
0,000 o

—2.,000 — A
~4.000 o
~6. 000 —

~8.000 = al A

~12,000 - & &
=14,000 — A

-16.000 —

0  the exact

& h
~18.000 L it s the compubed

-20.000 TR N N I NN I I R TN SN N N NI SO N ANV SRR U AN VOO WUVOE N

1,000 4.000 7.4000 10.000 13.000 16.000 19.000 22,000 25,000

Fic. 8. Vector components of yos defined in (2.2), in Dzample 5.1,

this size, we plot in Fig. 8 the exact and the computed vectors yz5 on a logarithmic
scale. At first sight it is surprising that the top half of y is quite wrong, while the
lower half seems reasonable. However, reference to (2.2) reveals that late bad values
of 5 all propagate to the top of y. Further inspection of the exact and computed ¢
and s values shows that the first eight are good. Then instability sets in, but the last
two rows are only wrong by a factor of 2. So the lower half of ¥ only looks reasonable
on a logarithmic scale; it has barely one bit of accuracy.

5.1. Forward stability for suitable shift strategies. Our analysis has fo-
cuscd on the role of the numbers wy, in one QR transform. In the QR algorithm
a sequence of QR transformations is applied to the original matrix with carcfully
chosen shifts. At each transformation the eigenvectors change and the wy,’s change
along with them. In the last two steps of the algorithm the last off-diagonal entry
diminishes rapidly. To see the effect on the w;, it suffices to consider an extreme case.
Suppose that G, = 0 but the algorithm docs not notice this fact. Any reasonable
shift strategy will force ¢ = @, in this case, and the associated eigenvector is e,, with
its wi, = 1. All the other values of wy, vanish since ), w.?n = 1. The analysis of
the previous section shows that the QR transform with shift o, is stable, but for any
shift at an eigenvalue of T,,_; (not T},), the last plane rotation is arbitrary and 5, is
undefined. In this case, the QR algorithm with any sensible shift strategy is forward
stable, although the QR transform with “wrong” shifts is completely unstable.

However, forward instability can still occur in the standard QR algorithm, but
only when the ghift is very close 1o a cluster of eigenvalues equal to working precision.
This was shown in Example 2.4 of §2.3.
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5.2. The ultimate shift strategy. The QR transformation of an n x n real
symmetric tridiagonal matrix requires about 10z flops. The most expensive feature
of a QR algorithm that produces eigenvectors is the accumulation of all the plane
rotations. This is an O(n?) process for each transform, and the cost is directly pro-
portional to the number of QR transformations.

These facts suggested the use of a two-phase process. First, compute the eigen-
values by any means, keeping a copy of the original tridiagonal. Second, apply the
QR transformation using the eigenvalues as shifts (see [4, p. 164]).

Onur analysis shows that this strategy invites forward instability. In fact, it will
occur for each eigenvalue whose normalized eigenvector has a tiny bottom element.

This is the first reason we have seen for being cautious about the use of the
ultimate shift strategy. However, the simple modification of the QR transform given
below can preserve forward stability.

5.3. QR with monitoring. The idea of the algorithm is to check for premature
deflation and stop the QR transformation as soon as it occurs. Then remove the row
and column with the isolated eigenvalue. This is not a pure QR algorithm, but it
does use plane rotations and does restore tridiagonal form.

Since the monitoring test usually fails, it is preferable to break it into two parts
so that the part that is always madc involves no arithmetic operations.

If |mx| < Ve T||/+/n then
If |mi| + Brsaler| < Ve {Jak—1| + low| + |ag+1} + Bx—1 + Bx) then
pull up the remaining entries of 7" to overwrite row and columun &.

Such an algorithm has been used regularly for deflation purposes in the context of
the Lanczos algorithm. Since a copy of the undeflated T matrix is prescrved for
the cigenvector computations at the end of the Lanczos run there is no harm in
suppressing off-diagonal entries as large as +/€l|T’|| in the deflated T'. By the Corollary
to Lemma 5.1, such modifications could indeed induce a /€ twist in T"s eigenvectors.
Whether such alterations damage the Ritz vectors {the approximate eigenvectors of
the operator driving the Lanczos algorithm) is not clear.

6. Conclusion. The occasional forward instability of the QR transformation is
not a well-known phenomenon and so we have tried to give a full account of it. In
particular, we have shown its intimate connection with premature deflation of the
shift and with the quantities wyz. Since the {wi;} change at each step in the QR
algorithm, because the eigenvectors change, forward instability is unlikely to occur,
although, by Example 2.4, it can happen.

On the other hand, forward instability is seen quite frequently when deflating sta-
bilized eigenvalues in the Lanczos algorithm and sometimes when using the ultimate
shift strategy with the QR algorithm.

Our analysis of the function m(c) and of the derivative of the tridiagonal QR
transform are full of details that will burden the reader. To put this aspect in per-
spective, we would like to say that the entries in T are complicated functions and it is
far from obwvious where their derivatives peak. We could see no other way than direct
elucidation of max, |3, | and max, || to establish that small values of some w;y, are
generically sufficient as well as necessary for the occurrence of forward instability.
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