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The Goal

Our goal is to solve a large dimensional linear system:

Ax = b, AeR™" beR", nislarge (M

Instead, we solve the following problem:

For a given «, find X such that |Ax — b||, < ¢ (2)

For approximate X, let r = Ax — b the residual.

Iterative Methods: use an initial value to generate a sequence of
approximations (hopefully!) improving in accuracy.

Direct Methods: (exactly) solve the problem with a finite sequence of
operations.
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for some initial guess xg.
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Approximations in Subspaces

Consider approximations x to Ax = b in an affine subspace:
X € xg + Sm, dimS,, = m,

for some initial guess xg.

We'll require that b — AX L AS,,, for reasons to be seen.

Ateach m=1,2,... search the subspace S, for X such that
| Ax — b, < tolerance.

If satisfied, stop. If not, continue.

What subspaces S,, do we consider?




Background

Theorem 1 (Cayley-Hamilton)

Let A € R™" and let q(\) denote the characteristic polynomial of A. Then
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Background

Theorem 1 (Cayley-Hamilton)

Let A € R™" and let q(\) denote the characteristic polynomial of A. Then
q(A) = 0n>< ne

If Ais nonsingular and q(\) = ag + aa A + -+ + a1 A" 4 (=1)" A7,
——

=,

0 = aol+aA+ - +a, 1A 4 a,A"
= (a0l + oA+ +a, 1A +a,A") - ATE

= A 4 ail +.. 0, 1A 4 a,ATE

1

ATl = — (]t At a1 AT+, AT
Qg
1

Alb = ——(a1b+ axAb+...,_1A" b+ a,A"b)
Qg




Background

We choose the “search subspaces” S,, to be
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Or with an initial guess xg and residual ry = b — Axq,

span{ro,Aro,A2r0,...,A”’_lro}7 1<m<n.




Background

We choose the “search subspaces” S,, to be

span{b, Ab, A’b,..., A" *b}, 1< m<n.

Or with an initial guess xg and residual ry = b — Axq,

span{ro,Aro,A2r0,...,A'"_lro}, 1<m<n.

Definition 2 (Krylov Subspace)

For A,xn the m-th Krylov subspace K,,(A, ry) is defined

’Cm(Aa rO) =[G = span{ro, An, A2r0, 0000 Am_lro},




Properties of Kn(A, ry) = span{r,

e Nested subspaces: Ky cCcK,cC---CK,
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Properties of Kn(A, ry) = span{r,

e Nested subspaces: Ky cCcK,cC---CK,

L4 A’Cj C ICJ'_H

e Ifpissuchthat K, =K., then:

* AK, C K, therefore K, is A-invariant

* KiCKoC CKy=Kupr=-=Kn

® Therefore, the exact solution is in K.
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Properties of (A, ry) = span{ ry, Arg

* We do not work with {ry, Arg,..., A" 1ro} directly.

® Linear independence is not guaranteed (e.g., A = 3/)

® Poorly conditioned vectors: consider n = 1000 and m = 10.

K=[rn Arn ... A" 'r ]hascondition number x(K) = 6 x 10%°

® The vectors lose linear independence

Let's construct a basis for K,,.
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Overview of (Modified) Gram-Schmidt

., u,} be a basis for a subspace M.

L4 LetB:{Ul,..
., vp} for M.

e Create an orthonormal basis O = {v, ..

n=2 B={u,w}and O = {v, v}
Vo = tp — proj,, (u2)
W
v2
> > >
1 proj, (u2) t
. u,vyv n
roj,(u) = = (u,v)v vi = —
e 2 T
v = up — proj,, (u2) _ - (U2, vi)vy
y =

Juz —projy, ()], I -+ I




Overview of (Modified) Gram-Schmidt

up
Vi = —_—
ga!
- uy — <U2, V1>V1
Vo = —_—
72
- uz — (u3, vi)vi — (U, Vo) vo
73
_ Up — <Una V1>V1 — = <Una Vn71>Vn71
v, =

Yk

where v, = Huk — Zf;l(uk, viyvil| fork=1,....n
2
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Moving Onwards ...

uy
uz

us

Un

Y1ivi
(U2, vi)vi + Y2va

(us, vi)vi + (U3, vo)vo + y3v3

(Un,vi)vi + -+ -+ YnVn




Moving Onwards ...

i = Mwv
u = (u2,vi)v1+ 7w
uz = {uz,vi)vi + (U3, v2)vo + Y33
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Moving Onwards ...

i = Mwv
u = (u2,vi)v1+ 7w
uz = {uz,vi)vi + (U3, v2)vo + Y33
up = (Up,vi)Vi+ -+ YnVn
LetA:[ul Us un}mxn and Q:[vl Vool V"}an
’Yl <U2,V1> <U3,V1> <una V1>
Y2 (us,vo) ... (Up, va)
A = C/‘?\mxn : ﬁnxn = @ : 73 <U,,, V3>




QR Factorization

e Ac R™" m> n,with linearly independent columns has a unique
reduced QR factorization A = Qmxn - Roxn-

e ... and also has a full QR factorization

ﬁnxn :|

A= Qmxm* Rmxn = { CA)mxn 6m><(m—n) } [ 0

(m—n)xn

where Q is orthogonal and R has positive diagonal entries.

R = Q@ R




e We need to obtain an ONB {vi, ..., vy} for K.
e |tis evident we should use Gram-Schmidt ...
e ... and store the inner products carefully

e This procedure is called the Arnoldi Algorithm
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1 v, =1
2. forj=1,... mdo
hy = (Av;,vi), 1 < i <

R .\
wj = Avj — > i hjvi

i

3

4

5 hipy = [lwll,
6: If hj+1}j =0, stop
7

8:

Vit1 = Wj/hjta,
end for




1 v, =1
2. forj=1,... mdo

3 hU:<AVJ7V,>,1§I§_[
4 wp= Ay =Y by
50 hipay = [lwll,
6: If hjiy1; =0, stop
U Vi1 = Wi/ hjya
8: end for
Avi =  hyivi+ hopwo
Av, = hppvi+ hpw + hovs

Avs = hizvi + hasvo + h3zvs + hg3vy

Avp = hipmvi+hmv+- -+ hpiim Vil




(AVm — hlm Vi + h2m ) + o hm+1,m Vm+1)

| | [ | | hy h ... hag
Alvi v .. v |l=|wv v ... Vp Vg . . .
. \ I | | R :
hm,m
hm+1,m
AVm: m+1Hm

e V. isan ONB for K,

® H, is “upper Hessenberg” — upper triangular + subdiagonal




In Summary

Recall: We are finding an approximate solution xto Ax = b
ldea: Look for x € xg + Kn(A, ) where b — Ax L AK,

Requirement: ||b — AX|| < ¢ for given tolerance ¢

Next Step: Use the ONB from Arnoldi to represent x




Find Approximate Solution

xE€xo+Kn(An) = x=x+ Vny, y € R™,
Recall that AV, = Vi1 Hp.

b—Ax = b—A(x+ Vay)
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Find Approximate Solution

xE€xo+Kn(An) = x=x+ Vny, y € R™,
Recall that AV, = Vi1 Hp.

b—Ax = b—A(xo+ Vmy)
= rno— AVny
= fpvi— V,,,Hljlmy B = |roll,

= Vm+1(ﬂel - Hm)/)
lo—Axll, = |Ber— Hy,
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Find Approximate Solution

xE€xo+Kn(An) = x=x+ Vny, y € R™,
Recall that AV, = Vi1 Hp.

b—Ax = b—A(x+ Vay)
= n—AV,y
= fAv— Vm+1,‘?lmy B = |nll,
= Vm1(Ber — Hmy)
b Axl, = ||Ber— Hy,
Therefore,
e o= A = e = ],

This is a small dimensional problem!
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Minimizing the Residual

Recall: We require r,, = b — Ax,, to be orthogonal to AK,,.




Minimizing the Residual

Recall: We require r,, = b — Ax,, to be orthogonal to AK,,.

Theorem 3 (Minimal Residual)

Let x,, € xo + K, be an approximate solution to Ax = b with residual
rm = b — Axm. Then ||r,|| is minimized over xo + K, if and only if

rm L AK (A, o).




The classical way to minimize Hﬂel — ﬁmyH is using full QR factorization.
2
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Let Hum = Qums1)x(m11)Rim11)xm b€ the full QR factorization of H,p.
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The classical way to minimize Hﬂel — ﬁmyH is using full QR factorization.
2

Let Hum = Qums1)x(m11)Rim11)xm b€ the full QR factorization of H,p.

~ 2 5
|Be — Hny|| = l15e1 — @Ry
—  ||QQ"Ber — QRY|2 since QQT =
= Q@7 Ber — Ry,
— ||8Q"e - Ry|f2 Q is orthogonal
f 2
~ 2
- HﬁoTel - [ Ry } ReR™
lel 2

~ 2
_ Z1:m . Ry
o] 1%]

Where z = Q7 ¢ = { Z1:m } € R+l
Zm+1

2
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Z1:m — Ry :l
Zm+1

o, = [ 222

Ry| + llzmea 2
- Zl:mfRyH2+ m+1]|2

~ 112 |2
= Z1:m — R)/H2+ |Zm+1




~ 2 B
H,Bel B HmyH { Z1.m — Ry }
Zm+1

2

—~ 2 5
= Z1:m — RyH2 + ||z"7+1||2

~ 2 5
- Z1:m — Rsz + |Zm+1|
Solving ﬁy = z1.,, yields the following:

~

N P [ S
yERM 2
minHBelmeyH2 = zmti| = |e,£+1ﬂQT61|

Norm of the residual is || Ax, — b||, = |zm+1] and approximate solution is

Xm = X0 + VimYm, Ym = R_lzlzm-

April



Generalized Minimal RESiduals (GMRES)

Given A, b, and an initial guess xy, choose size m of the Krylov subspace.

e )

[Xm5 Fms || m||]] = GMRES(A, b, xo, m, tol)
1: Compute r=>b—Axy, 8= ||r0||2, v = I’o/ﬁ
2. forj=1,... mdo

3: wj = Ay

4 fori=1,...,5do

5: hij = (wj, vi)

6: wj = w; — hjv;

7 end for

8: hiv1j = ||w;ll,. If hjy1; =0set m=jandgoto 11

9 Vi1 =wj/hj

10: end for

11: Compute y,, = argmin||Se; — ,‘TlmyH2 and x, = xo + Vinym

y€ER™




Generalized Minimal RESiduals (GMRES)

Given A, b, and an initial guess xy, choose size m of the Krylov subspace.

e )

[Xm5 Fms || m||]] = GMRES(A, b, xo, m, tol)
1: Compute r=>b—Axy, 8= ||r0||2, v = I’o/ﬁ
2. forj=1,... mdo

3: wj = Ay

4 fori=1,...,5do

5: hij = (wj, vi)

6: wj = w; — hjv;

7 end for

8: hiv1j = ||w;ll,. If hjy1; =0set m=jandgoto 11

9 Vi1 =wj/hj

10: end for

11: Compute y,, = arg}?in Ber — ,‘TlmyH2 and x, = xo + Vinym
yeRm

L J

As mincreases, |b — Axnx||, iS nonincreasing!
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Example 1

A=2]+ ﬁrandn(n), n = 1000, m = 10, tol. =101

Convergence of Matrix A

10"

MNorm of Residual (log scale)
=]
[

1 2 3 4 5 5] 7 8 E] 10
Dim of Krylov Subspace

How do we get the residual at each subspace dimension?

April



Example 1

A=2]+ ﬁrandn(n), m = 10, tol. =101

n | ||rmll, | Timing for x, | Timing for LU
102 | 1073 8x 1073 7x1073
10% | 107° 7x1073 3x107?

10* | 10—° 2x 1071 7 x 10!




Givens Rotations

Method: Apply a sequence of orthogonal matrices, converting the matrix
to an upper triangular form (creating full QR factorization).

Why? Any nonzero x € R" can be rotated to the i-th coordinate axis by a
sequence of n — 1 plane rotation matrices.
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Givens Rotations

Method: Apply a sequence of orthogonal matrices, converting the matrix
to an upper triangular form (creating full QR factorization).

Why? Any nonzero x € R" can be rotated to the i-th coordinate axis by a
sequence of n — 1 plane rotation matrices.

. a
Given a vector {

b },a;éo, choose ¢, s € R such that ¢ + s> =1 and

ERIBEOARRC

—S C




Givens Rotations

Therefore ca+ sb =a and —sa+ cb =0, so

eI

Computing row operations,

To annihilate b in { Z

}, choose s and c asin (3).
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Givens Rotations Applied to GMRES

Instead of running Arnoldi all the way to m, maybe we can stop earlier
with a satisfactory residual.
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Givens Rotations Applied to GMRES

Instead of running Arnoldi all the way to m, maybe we can stop earlier
with a satisfactory residual.

Define 8 = |roll, vi = ro/B, and g — Ber — { ; }

From Arnoldi, we obtain Vi = [ vi v ] and H; = { Z” ] Define
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Givens Rotations Applied to GMRES

Instead of running Arnoldi all the way to m, maybe we can stop earlier
with a satisfactory residual.

Define 8 = |roll, vi = ro/B, and g — Ber — { ; }

From Arnoldi, we obtain Vi = [ vi v ] and H; = { Z” ] Define
21

Q= { a9 ] to annihilate hyy, creating
-5 G

5 0 pid) ~ ~ Ba M
R = Q:Hy = 11 =Q = = .
1 1M1 [ 0 } ) &1 180 [ —Bs Y
The norm of the residual is |y,| = |Bs1].

If small enough, set R; = [h11] and g1 = [Bci1] (remove last row), and

yvi =R g, x1 = xp + Viy.




ho1
With one more Arnoldistep, Vo= vi v vs |andh=| hy | isthe
hso

last column of H,.
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h
With one more Arnoldistep, Vo= vi v vs |andh=| hy | isthe
B h32
last column of H,. B
Apply previous rotations, €, to h and append to R; with a row of zeros:
iy | sy N

Re=1 0 | |, &=]|mn
0  h3 0




h

With one more Arnoldistep, Vo= vi v vs |andh=| hy | isthe
h32

last column of H. B

Apply previous rotations, €, to h and append to R; with a row of zeros:

e [
Re=1 0 | |, &=]|mn
hz> 0

Create Q,, now 3 x 3, to annihilate hs,. Apply also to g:

el
Ry + 0 hg) ; S+ hgp=| ar
0 0 —S7Y2

The norm of the residual is |s;72).




If the residual |s;72| is small enough,

e[ 8] a2

0 hQ) 2

(remove last row). Then

v2 =Ry 'e, X2 = X0 + Vays.

... and soon




Givens Rotations Applied to GMRES

@ Compute the next vector in V, from Arnoldi, and h the last column ﬁk.
® Apply the previous rotations to h.
_ Ry | | =
gLetRk:[ h], Ek:|:gk_1:|.
0
o |
O Apply Q to l?k and to gx so the (k+ 1, k) entry in ﬁk is annihilated.
© Test the residual |gk(k)|, i.e. the last entry

0 If satisfied, let Ry = Ri(1: k,1: k) and g, = 8«(1: k) be k x kand k x 1
respectively. Else, goto 1.

@ Lety, = Rk_lgk and x, = xp + Viyk.

tte (URI)



Example 1 Continuation

What happens if the residual is too large in the m-th subspace?

Convergence of Matrix A

Norm of Residual (log scale)
=
L]

1 2 3 4 5 5] 7 8 L] 10
Dim of Krylov Subspace
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Example 1 Continuation

What happens if the residual is too large in the m-th subspace?

Convergence of Matrix A

Norm of Residual (log scale)
=
L]

1 2 3 4 5 5] 7 8 L] 10
Dim of Krylov Subspace

Answer: Restart the algorithm!

April



Restarted GMRES

~

[Xm), fm, [|fm||]] = GMRES(A, b, xo, m, tol, num-restarts )
1: repeat

2 Compute n = b — AXo, ﬂ = ||r0|\2, Vi = ro/ﬂ
3 Run the Arnoldi Procedure starting with v
4: X0 = Xm

5. until ||b — Axn||, < tol or “num-restarts” is met

o

: Compute y,, = argmin
yeRm

‘Bel - ﬁm}/H2 and xm = xo + Vinym




Restarted GMRES

~

[Xm), fm, [|fm||]] = GMRES(A, b, xo, m, tol, num-restarts )
1: repeat

Compute = b — AXo, ﬂ = ||r0|\2, Vi = ro/ﬂ

Run the Arnoldi Procedure starting with v

2
3:
4: X0 = Xm
5

. until ||b — Axy ||, < tol or “num-restarts” is met

o

: Compute y,, = argmin
yeRm

‘Bel - ﬁm}/H2 and xm = xo + Vinym

\.

Now we can control two parameters — the size of the Krylov subspace to
build to, m, and the number of restarts.




Example 1 with RESTARTED GMRES

We consider the same matrix

1
A=2]+ Tﬁrandn(n), n = 1000, m=75, tol. =10710

and run GMRES with up to 10 restarts.

Kyle nette (URI)



Example 1 with RESTARTED GMRES

We consider the same matrix

1
A=2]+ Tﬁrandn(n), n = 1000, m=75, tol. =10710

and run GMRES with up to 10 restarts.

Convergence of Matrix A

100 Timing: 0.014687 seconds

102 ) Recall:
. No restarts was 0.018848

10

Norm of Residual (log scale)
=]
&

1040

1042

1 2 3 4
Number of Restarts




Example 2

1
B= ﬁrandn(n), n=1000, m=10, tol. =107,




Example 2

1
B= ﬁrandn(n), n=1000, m=10, tol. =107,

Convergence of Matrix B

Timing: 0.014687 seconds

Norm of Residual (log scale)
%]
>

1 2 3 4 5 [} 7 8 9 10
Dim of Krylov Subspace




Example 2 - Restarts

1
B= ﬁrandn(n), n=1000, m=5  tol. =1071°

(up to 10 restarts)




Example 2 - Restarts

1
B = ———randn(n), n = 1000, m=5, tol. =1071°
2\/n
(up to 10 restarts)
Convergence of Matrix B L.
31152765 Timing: 0.012786 seconds
\
s115276 | Recall:
3 ". No restarts was 0.014687

® 31152755 [ |
g \
8 3115275 Iﬂl
o |
el |
31.152745 |
E II‘
3 \
2 3115274 \

31.152735 "l‘

|

1 2 3 4 s 6 7 8 98 10

Number of Restarts




Example 2

We have to go all the way out to m = 999 for the following

Convergence of Matrix B

10°
_10"
5]
3
(%]
0
g
£10?
@
=1
.
723
T o0 \
10 \
s \
£ \
2 \
10 e
*_7_*_ +
10°
1 2 3 4 5 6 7 8 9 10

Number of Restarts

10.36 seconds!
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Example 1

Eigenvalues of Matrix A

Imaginary Part
(=]

-3 -2 -1 0 1 2 3
Real Part




Example 2

Eigenvalues of Matrix B

Imaginary Part
(=]

-3 -2 -1 0 1 2 3
Real Part




Conclusion

e Introduced an iterative method for square linear system Ax = b.

e Developed machinery for efficiently working with this kind of method:
Krylov Subspaces, Arnoldi Procedure, Givens Rotations.

e Discussed implementation challenges for GMRES.

e Up next:
® Convergence: Chebyshev polynomials, min-max theorems, ...

® Augmented GMRES: Append basis for K., with other vectors ??




Questions?
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Theorem 4 (Closest Vector)

Let P be the orthogonal projector onto K along K+. Then for all x € R",

e — sl = e — Pl

Since x — Px L K and Px — y € K, then

2 2 2 2
Ix=yllz =[x = Px+(Px=y)ll; = lIx = Pxllz + [[Px =yl

> |lx — Px3
with equality when y = Px. O
Corollary 5

For x € R",

minllx —yll, =[x =y"l, & y"ek, x-y" LK.
yer

April 29, 2024



Theorem 6 (Minimal Residual)

Let x,, € xo + K, be an approximate solution to Ax = b with residual
fm = b — Axm. Then ||ry|| is minimized over xo + K, if and only if
rm L AK (A, ro)-

Suppose the minimum is achieved. Then

fm=b— Axym = XerxnmC b — Ax||
0 m

in|b—A
min [|b— Al +y)|
= i —A
min [|ro — Ay|

= min [l —wl|

This is achieved for w = Pry, where P is the orthogonal projector onto
AK . This means that (/ — P)rg L AK. But (I = P)n=rg— Pro=ry — w
and because w minimizes the above norms, it means that

min_||b— Ax|| = ||rn — w||.
XEXQ+Km

Then b— Ax, =rn—wandsor, = —P)ry L AKp,.




If r, L AK,, then b — Ax,, L AK,,. Since Ax,, € AKX, so by Corollary 5
then

min ||b— Ax|| = ||b — Axnl|| = m|n Hb Ax|l.
AxEAK




