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Overview

© The Double Pendulum
@® Lagrangian System

© Hamiltonian System

@ Chaos
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The Double Pendulum
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Animation
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Equations of Motion ~ |
S ":11 b i
X1 = /1 sin(91) Xl = /1 COS(01)9-1
x> =l sin(91) + b sin(92) Xo = h COS((91)0.1 + b COS(92)9.2
1= —/]_ COS(91) y'1 = /1 sin(ﬁl)él

Yo = —/1 COS(91) — /2 COS(HQ) y'g = /1 sin(91)91 + /2 sin(92)92

This gives the kinetic and potential energy

1 ) ) 1 ) )
T = Eml(X12 + y12) + §m2(X22 + YZ2)
U = mgy + magy>
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Lagrangian System

In terms of 6 and 6,

T = w/féf + %/229.22 + m2/1/29192 COS(01 — 92)

U= —(m1 + my)gh cos(61) — magh cos(62)

We define the Lagrangian £(6,0,t) = T — U:

my + my
2
+ (m1 + mo)gh cos(61) + mpglh cos(62)

,C(G, 0) = /12912 + %/229‘22 + m2/1/29.1(9.2 COS(91 — 92)
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Lagrangian System

We now make use of the Euler-Lagrange Equations

doc oL
'

i=1,2.

Hence our Lagrangian ODE system

h(my + m2)0"1 + mohbs cos(0; — 62) + m2/2922 sin(f1 — 62)
+ (m1 4+ m2)gsin(f1) =0
/29"2 + /10"1 COS(91 — 92) + /1912 sin(91 — 92) + gsin(@z) =0
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Hamiltonian System

We define the Hamiltonian to be

oL
70t iVi a i =
H(p Ep Pi= o

:T+u
For the double pendulum,

my+m m
H(p,0) = ¥/ 24 72/22,95 + malylopy pa cos(61 — 62)

— (m1 + mz)gll COS(91) — mgglz COS(GQ)

(substitute 6; for p;)
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Hamiltonian System

The Lagrangian system (dimension n) is equivalent to the
Hamiltonian system (dimension 2n), given by

LA S R

P="56" = op
[51 = /1/2m2p1p2 sin(91 — 92) — (m1 + mz)gll sin(01)
P2 = —lbhmopipssin(br — 02) — magh sin(62)
0, = p1/12(m1 + my) + hlhmy cos(61 — 62)
9.2 = p2I22m2 + hbhmopy COS(91 — 92)

Kyle Monette March 26, 2022 9/16



What is Chaos?

Chaos is aperiodic long-term behavior in a deterministic system
that exhibits dependence on initial conditions.

-Steven Strogatz

@ "Aperiodic long-term behavior:” Existence of trajectories that
do not gravitate to fixed points or periodic orbits.

® "Deterministic:” Not unpredictable!

© “Sensitive dependence on initial conditions:” Neighboring
trajectories separate exponentially (positive Lyapnuov
exponent).
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Lyapunov Exponents

x(t) +6(1)
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Source: Wikipedia - Lyapunov Exponents
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Lyapunov Exponents

A numerical scheme (J.C. Sprott):

© Choose an initial condition and a nearby point with separation
5(0).

® Iterate once and calculate the new separation 6(1).

© Evaluate In(6(1)/46(0)).

@ Readjust one orbit so its separation is §(0) in the same
direction as 6(1).

© Repeat steps 2-4, and compute the average of step 3.

® The lLEis 501
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Results

Lyapunov Exponents From Each Variable
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Results
5 Maximum LE for Varying Initial Conditions
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Results
Potentlal Energy for Varying Initial Conditions
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